ABSTRACT The control of dynamical networks is a topic of great value with applications across multiple disciplines. An efficient control scheme based on the connection adaption strategy (CAS) has been proposed by Zhou et al. who revealed that the controllability is restricted by the topological distance between the units and the controller. In this paper, based on the framework of the CAS, we propose a distributed control scheme by partitioning the network space into grids. With this partition approach, the distance between units and controller could be much reduced, resulting in a significant enhancement of the controllability of the dynamical networks. In addition, we introduce an effective length to measure the time-varying topological distance between the mobile units and the controller. The introduced effective length could well reflect the controllability of the dynamical networks with mobile units.
I. INTRODUCTION
Synchronization control of networked systems by steering the units in a network to a common desired state is an important research topic because of its fertility in applications [1] , [2] . In this topic, a challenge is to control dynamical networks with time-varying interactions [3] - [6] , such as networks with mobile agents [7] - [12] (a schematic diagram is shown in Fig. 1(a) ). Different from that on static networks with fixed interaction structures where pinning control is commonly adopted [13] , for dynamical networks, an adaptive control strategy is much preferred [14] - [18] , so as to avoid the awkward of selecting proper pinning units.
In previous studies, efforts for adaptive control strategies for system synchronization have been mainly devoted to coupling strengths between individual units. The main idea of such coupling adaption strategies is to adaptively adjust the coupling strength between neighboring units according to their dynamical states and a pre-designed coupling gain function (see the digram in Fig 1(b) ). Recently, beyond the The associate editor coordinating the review of this manuscript and approving it for publication was Wenchao Meng. scheme of coupling adaption, an adaptive strategy was proposed where units will adaptively form connections rather than adjust coupling strength with their neighbors through local information [19] . The advantage of this connection adaption strategy (CAS) is that it only needs to treat the relations between units in a dual manner, i.e. connected or un-connected, which is much simpler to realize compared to previous coupling adaption strategies. The resulting temporal interaction structure formed by CAS is a directed tree with the controller being the root (see Fig. 1 (c) as an example). However, it is revealed that the CAS also has an disadvantage that there exists a critical threshold and only those units whose topological distances (number of hops) to the controller are smaller than this threshold can be controlled. This critical threshold is shown to vary with the coupling strength, and at certain coupling strength the critical threshold could be quite small, unfavorable for the control.
In this work, in order to relieve the disadvantage of CAS, we propose an approach by dividing the whole network space into sub-regions, with each sub-region having a subcontroller which directly connects to the single main controller that carries the desired solution. Specifically, in this (c) The scheme of connection adaption strategy (CAS). The black solid circle in the center serves as the controller carrying the target solution for control. Each unit (gray circles) just form one directed un-weighted connection linking to a neighbor that is nearer to the controller so as to follow its dynamics. The resulting structure is a directed tree. (d) The scheme of partition approach. The unit is partitioned into equal sized grids (here is 2 × 2 grids). In each grid, a sub-controller (black solid circles) is pinned at the center of respective grid. Units in a grid (gray circles) will establish directed connection according to the position of the sub-controller in this grid. All the sub-controllers will follow with a single main controller (the large black circle at the center) with directed connections pointing to it. partition approach, units in each subregion adopt CAS by taking related sub-controller as reference to form a treelike structure rooted to the local sub-controller (see Fig. 1(d) as an example). By adopting this approach, the length of the branches of the tree-like interacting structure could be much reduced, making the system to be controllable to a coupling strength which only gives a small threshold. As a result, the range of the coupling strength that permits the control with CAS could be effectively expanded. In addition, since the topological distance from mobile units to the main controller may be time varying, we define an effective length to measure the time average topological distance of mobile units to the main controller. It is shown that by referring to the critical threshold the effective length could serve as a good indicator to determine whether a mobile unit could be controlled at a certain coupling strength; thus the effective length could be used to characterize the controllability of CAS for dynamical networks.
Overall the contribution of this paper are as follow: (i) We propose a partition approach which could substantially improve the control performance of CAS. This partition approach relieves a key constraint in the CAS, i.e. only those units which have topological distances smaller than a certain threshold can be controlled. (ii) We propose a definition of effective length. This definition could measure the time-varying topological distance between mobile units to the main controller. By referring to the critical threshold, this effective length can serve to estimate whether a unit could be controlled.
The rest of the paper is organized as follows. We first give the literature review about related works in Section II. In Section III, we present the details of the partition approach of CAS for the control of dynamical networks, and also present a feasible range of coupling strength available for network control. In section IV, the performance of the proposed partition approach is presented in detail and the definition of effective length is provided. Finally, the section V concludes this work.
II. RELATED WORKS
In this section, we will present a brief survey on existing results of synchronization control of networked systems, which induces a few related concepts and some main achievements on static networks and dynamical networks.
The understanding of the condition about network synchronization is the prerequisite to develop control strategies. A master stability function (MSF) has been developed to determine the condition of having a stable synchronization manifold in the presence of a small perturbation [20] . This formalism establishes the connection between the network structure and individual dynamics [21] , [22] . Furthermore, for the synchronization of static networks, the impact of average degree, degree heterogeneity, degree-degree correlation, etc. is further revealed [23] . However, the MSF only accesses the necessary condition for synchronization. The acquiring of sufficient condition needs global stability analysis, where a commonly adopted method is Lyapunov stability analysis [24] .
Synchronization control usually requires the units not only to be synchronized but also to be synchronized on a desired solution. In this case, a set of controllers that carry a desired solution will be needed. The units to be controlled onto this solution will follow the dynamics of the controllers. This controller-follower procedure is also known as pinning synchronization control or pinning control [25] .
For the pinning control on static networks, two key factors are: 1) deploying the controllers, which can be regarded as virtual units in the network, and 2) designing the gain function, which defines the impacts of the controllers on their connected followers. The roles of these two factors have been systematically studied [26] , and it has been further shown that a single controller is able to induce a network to a synchronized state [27] . With Lyapunov stability analysis, sufficient condition for global pinning synchronizability can be obtained [28] , [29] .
For dynamical networks, where the interaction structure is time-varying, the strategy for the control of synchronization may be more complicated. For the condition of stable synchronization of dynamical networks, it has been found that for fast-switching networks, this condition on dynamical networks is equivalent to the condition of the corresponding static networks whose structure is the time average of the dynamical networks [6] . On the other hand, for slow-switching networks, the condition of stable synchronization is impacted by the largest Lyapunov exponent of each transversal mode of switching structures [30] . This fast-and slow-switching difference immediately leads to an interesting result that when the MSF is concave (convex), a synchronization is easier to be maintained for fast-(slow-) switching than the opposite case [30] . For the synchronization control of dynamical networks, adaptive control strategy is dominantly adopted based on the practice of pinning control, since in this scenario the knowledge of global network structure is difficult to be acquired [31] . For the adaptive strategies, the adaption are mainly exercised on the control gains [32] , the coupling gains [33] , and the selection of pinning units [31] .
As networked systems with mobile units have become an increasingly important object [34] - [36] , adoptive control strategies have also been developed for such systems, including linear model [37] , nonlinear model [38] , linear gain function [39] , nonlinear gain function design [40] , and the situation of input saturation [41] . Besides the adaptive strategies, other strategies which requires global information (at least partially) have also been developed, such as the spatial pinning control strategy [13] . We emphasize that most existing adaptive control strategies are realized by continuously adjusting coupling strength or control gains between units, referred as coupling adaption strategy. Recently, a strategy has been proposed in which units may adaptively choose neighboring ones to establish temporary connections without tuning coupling strength or control gains [19] . This strategy, referred as connection adaption strategy, is a distributed adaptive strategy and is simpler to realize. Our approach to be introduced in this work, is based on this framework with remarkable improvements.
III. MODEL AND THEORY A. NETWORK SETUP
We start with an ensemble of N moving units networked on a unit planar space
(with periodic boundary conditions). The velocity of unit i is
where the module v (equal for all units) is constant, and the direction θ i is randomly drawn from the interval [−π, π) with uniform probability (at each time step). Therefore, the position y i (t) of agent i evolves as y i (t + t) = y i (t) + v i (t) t, where t is an integration step size.
All units carry an identical chaotic dynamics, described bẏ
∈ R m , dot denoting temporal derivative, and F : R m → R m . Each unit may establish connections with its neighbors within a neighborhood of radius r. The interacting structure can be described by a Laplacian matrix G(t) with un-weighted elements where g ij (t) = −1 when unit i forms a directed connection with unit j; and g ij (t) = 0 otherwise. The diagonal elements g ii (t) = − j =i g ij (t) warrant the zero-row-sum property of G(t). Thus, the dynamics of each unit is governed bẏ
where σ is the coupling strength, and H : R m → R m is a coupling function, where m is the dimension of unit dynamics.
B. CONNECTION ADAPTION STRATEGY
The purpose of synchronization control is to steer the dynamics of all units towards a common solution x S , so that
To do this, a connection adaption strategy (CAS) is proposed in [19] . The main idea of CAS is as follows. 1) A controller carrying the target solution is deployed at an arbitrarily position. This controller is fixed at its position, and this position is known to all the units as default information. 2) All the mobile units will establish directed connections according to their local information within a disk of radius r. The local information includes the positions and the dynamics of neighboring units.
3) The rule for establishing connections for a unit, say i, is as follows: 3a) Choosing a neighbor which is nearer to the controller than itself; 3b) If there are several candidates, choosing the one nearest to the controller and then connecting to this chosen neighbor; 3c) If the controller is in the r-radius disk, directly connect to the controller; 3d) It might happen that, there is no suitable candidate satisfying this condition at a certain moment. Under such case, the unit i shall temporarily expand the radius r until one unit (a neighbor or the controller) satisfying the above condition is reached. With the above procedure, the unit i will form a directed connection to the chosen unit, say j, making g ij = −1. This formed directed connection will guide unit i to follow the dynamics of unit j.
The resulting structure of the system at every moment will be a directed tree with all the connections uniformly pointing from periphery to the root, i.e. the controller. Here, with the formed directed tree we define the topological distance (TD) of a unit to the controller as the number of hops it needs to reach the controller. In fact, this directed tree could be regarded as a combination of a group of uni-directional chains, pointing from outermost units to the controller with possible overlaps on some sections.
For the resulting Laplacian matrix, in each time step after proper relabeling of the indexes of the units, the matrix could read as
It has been proved that the spectrum of the Laplacian matrix is 1 for all the transversal eigenvalues except for the only zero corresponding to the synchronization manifold. Moreover, it has also been proved that the stability of the dynamical networks with such Laplacian spectrum is equivalent to a static network which has the same spectrum [19] . However, it is found that whether a unit is controllable depends on its TD. If its TD is larger than a certain threshold (depending on the coupling strength), this unit will not be controlled. Therefore, the controllability of the whole network will depend on the longest branch of the directed tree, which contains the unit with the largest TD. On the other hand, the threshold varies with different coupling strength, and at some coupling strength values the threshold could be very small. Thus, this TD dependence could be a strong impediment for the control when the threshold is low.
C. PARTITION APPROACH
To cope with this restriction, here we propose an approach by dividing the unit square into smaller grids. In each grid, a sub-controller is placed at the center (generally, it can be placed at an arbitrary place in the grid), and it directly points to the main controller which carries the target solution (see Fig. 1(d) ). Now, the rule of forming connections is altered as follows: when a unit is moving in a certain grid, it will perform CAS to form a directed connection according to the position of the sub-controller of this grid rather than the main controller proposed in [19] . The resulting structure formed by this way will still be a directed tree. However, this directed tree will be that the mobile units will point toward the local sub-controllers and then all the sub-controllers point to the main controller. In this way the length of the longest branch may be reduced with the increase in the number of the grids.
To investigate the partition approach, we endow the units with chaotic Rössler oscillator. The dynamics of each unit is described byẋ
3 ) T and a = b = 0.2, c = 5.7. H(x) = (x 1 , 0, 0) realizes a linear coupling on the x 1 variable of the units. The dynamics is integrated with a fixed integration time step of t = 0.001. Unless otherwise specified, network parameters are N = 100 and r = 0.1. The error function δ i (t) = With such a choice of parameters (and of output function H), the Rössler system has its master stability function (MSF) to be negative within the range (α 1 , α 2 ) (with α 1 0.2 and α 2 4.3). The necessary condition for stability of the synchronized solution x S is therefore:
IV. RESULTS
We start from the simplest case of v = 0, i.e. units are fixed in the space. behaviors of δ . Note that when δ = 0, the dynamical differences among the units vanish and therefore the units are all synchronized, which in this plot happens when σ is in a medium range. One observes that for a larger m, the rightside-boundary of σ for δ = 0, denoted as σ th , is also larger, indicating that the network is more favorable for synchronization. The detailed relation between m and σ th is presented in Fig. 2(b) . It shows that, σ th grows with an increasing value of m, reflecting the capability of the partition approach to promote synchronization. Since the growth of m will reduce the size of the grids, the Euclidean distance between the units and respective sub-controllers will be decreased accordingly, which eventually leads to the decreasing of the TD between the units and the main controller. Hence, the effect of improving the controllability by increasing m is expected to stem from the reduction of TD. To manifest this point, in Fig. 2(c) we take a uni-directional chain as an example and show the relation between the coupling strength σ and the corresponding critical length of the chain, L, for synchronization. As to the critical length L, if the length of a chain is larger than L, those units at the rear part of chain whose TDs are larger than L cannot be synchronized. Referring to Figs. 2(a) and (c), we can see that for the right branch of the curves, a large σ corresponds to a smaller L, which means a longer chain permits a smaller range of σ for synchronization, therefore resulting a smaller σ th . As in the case of v = 0, all the units are fixed at their locations, the network could be regarded as a group of uni-directional chains gathering to the common main controller, the synchronizability is thus determined by the longest chain as suggested by Fig. 2(c) .
For the convenience of discussion, we denote the length of this longest chain as L max , and present its relation with m in Fig. 2(d) . With the above discussions, one may see that different m will lead to different L max . Furthermore, according to Fig. 2(c) which tells the relation between the length of a unidirectional chain L and the boundary of coupling strength σ , the relation between m and L max further implies a relation between m and σ th . This is indeed validated by the dashed lines linking the corresponding points in Figs. 2(a) and (d) .
We can see that the three pairs of dashed lines emanated from (a) and (d), ended around the same places, in (c), respectively. This association confirms that the partition approach indeed takes effect by shortening the TD between the units and the main controller, which leads to the expansion of allowable σ for synchronization. Now we turn to the case of v = 0. Figures 3(a) -(c) show δ vs. σ for different velocities for the cases of m = 1, 3 2 , and 5 2 , respectively. It is observed that in all the cases σ th shifts to right with the increasing of v. In addition, one further observes that for a given speed v, σ th increases with the increasing of m, which is accordant with the results in Fig. 2(a) . Due to the stability condition (3) which suggests that the maximum coupling strength allowable for a stable synchronization will not exceed α 2 4.3, one may expect that with the growing of v or m, the σ th will approach α 2 . This expectation is validated in Fig. 3(d) , where behaviors of σ th as a function of v for m = 1, 3 2 , 5 2 , 7 2 are exhibited. One can see that these curves of σ th (v) converge around α 2 4.3 when v is large enough. Moreover, they become more flattened with a larger m, indicating a converging behavior of σ th for large m when v sweeps from 0 to 1000 (note that v t = 1 when v = 1000).
From the results in Figs. 2 and 3 , one may infer that the effect of favoring synchronization with the growth of the As suggested by the relation between L max and σ th for v = 0, it is reasonable to expect that a L eff shall also corresponds to a σ th for v = 0, indicating the boundary of coupling strength allowable for synchronization.
To verify this point, we present the behavior of σ th and L eff as functions of v in Figs. 5(a) and (c) for the case of m = 1, respectively. One observes that σ th and L eff increase and decrease monotonically with the increasing of v, respectively, indicating a negative correlation between them. With the hinges of v, σ th and L eff are associated and presented by the red curve in Fig. 5(b) . For comparison, we also present the relation between the length L of a uni-directional chain and the corresponding σ th in Fig. 5(b) with the black open circles. Note that L eff defines a maximum time-varying TD between the mobile units to the main controller, while L of a unidirectional chain corresponds to the maximum TD between the fixed units to the main controller. The accordance between the red curve and the black curve means that not only L eff has a relation with σ th , but also this relation matches with that between L max and σ th . Therefore, for a given σ th the values of L and L eff conform. These results indicate that L eff may serve as a proper indicator to predict the controllability of the dynamical networks applying CAS.
We further present the behaviors of L eff when the partition approach is applied. Figure 6(a) shows that compared to the case of m = 1, L eff is much reduced for a larger m. Since a smaller L eff is more favorable for the synchronization, σ th is expected to be larger for a larger m, which is verified in Fig. 6(b) . In addition, when m increases to 5 2 and 7 2 , though L eff decreases as well, the gap between the curves dwindles. This is because there exists a low bound of the TD between the units and the main controller, which equals to 2, i.e. one hop from a unit to the sub-controller and the other from the sub-controller to the main controller. Therefore, further increasing m will suppress marginal effects in the reduction of L eff . In fact, we can see that when m = 7 2 , L eff has been confined in a rather narrow range. Referring to the relation between σ th and v in Fig. 3(d) , we can also obtain the relation between L eff and σ th for different m. We show the results of L eff vs. σ th of dynamical networks and L vs. σ of unidirectional chain in Fig. 6(b) . We observe that L eff (σ th ) and L(σ ) are well matched in related region, which suggests the effectiveness of the L eff and the efficacy of partition approach for the CAS.
V. CONCLUSION
In this work, we propose a partition approach to improve the effect of connection adaption strategy (CAS) proposed in [19] . The CAS may serve as a simple and efficient strategy for the control of networked systems with mobile units. However, it has been revealed that the topological distance (TD) between the units and the controller is an important factor in the effectiveness of CAS. Generally, a network with a larger TD is harder to control, which under certain range of coupling strength could be a strong restriction for a successful control. We show that the partition approach proposed in this paper could effectively reduce the maximum length, and hence the controllability of the dynamical networks could be fairly improved, resulting in an expansion of the range of coupling strength favorable for control.
As the TD between the units and the controller is an important factor in CAS, in order to characterize the time-varying TD between the mobile units and the controller, we further introduce a measure referred as effective length, defined in the way that we first calculate the time-average TD to the main controller for each unit, and then endow the maximum time-average TD among the units to be the effective length. This effective length is shown to be analogous to the maximum length between the units and the main controller in static networks. Our study shows that the effective length is an excellent indicator to predict whether a dynamical network could be controlled at certain circumstance. By applying this indicator, we explicitly manifest the effects of partition approach in dynamical networks with mobile units in various conditions.
In sum, our study focuses on one of the key factors in CAS which is the TD between the units to the controller. With the proposed partition approach, the effectiveness of the CAS could be strongly enhanced. Furthermore, by introducing the effective length, an effective description of the TD between mobile units and the controller pertain to the CAS is provided which is shown to be of value in predicting system controllability. Our study offers an approach to further strengthen the power and deepen the understanding of CAS. We point out that in our partition approach, the connections between the sub-controllers and the main controller may cause extra amount of communications, which will be the cost for enhancing the controllability of the system. However, this cost will not cause extra burden on the mobile units.
Therefore, for scenarios that are more sensitive to the experiences of mobile units, which is common in many cases, the trade-off in this approach is worthwhile. This approach opens a path to further exploit CAS, and further stimulate improvements of CAS in enhancing system controllability while keeping a low communication cost, which shall be our future work.
